Investigation of electrohydrodynamic calculations
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Abstract
A perfect dielectric model was incorporated into the OpenFOAM® software and used for
investigation and, possibly, improvements of electrohydrodynamic calculations. Two different
sets of numerical simulations were analyzed, in which two different fluids were present. The
first set was one-dimensional, while in the second, a drop of one fluid was surrounded by the
other fluid. It is shown that oscillations and possible artificial generation of a curl of the electric
field strength can be observed at applying certain expressions or calculation strategies, which
can be thus abandoned. Usage of dynamic meshes, at least those present in the used software,
and of limiters for the gradient of the electric field strength can lead to large numerical errors.
It is also shown that usage of certain cell face values could improve the results. An electric
Courant number was derived by dimensional analysis, and it could be suggested for future
calculations. Conclusions made in this paper are expected to be transferable to other more
complicated models.
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1. INTRODUCTION
The part of physics that tries to explain motion of a liquid in a presence of an electric field is called electrohydrodynamics
(EHD) [1]. The relevant literature, ranging from books (e.g. [2]) to scientific articles, can be found for maybe a century or
so. There is a decent number of processes that use the electric field to influence fluids [3,4], such as electrocoalescence
[5], electrospraying [6] and solvent extraction. Furthermore, for example, the electrospray process is used in mass
spectrometry [7], inkjet printing [8], encapsulations [9], etc. Despite the fact that both theoretical concepts and practical
applications exist, numerical implementations of those theories are still surprisingly limited in the number [10].
In previous experimental [11-15] and theoretical [16] works, the electric field was used in the electrostatic extrusion
process for obtaining small diameter particles by affecting the size of droplets that form at the end of a needle. In order
to aid the experimental design and improve efficiency and cost-effectiveness of modeling involved processes, it is
needed to develop fast, efficient and precise calculation methodologies. The software platform OpenFOAM®
(OpenFOAM Foundation, UK) was found to be suitable for this purpose and was used in the present work.
The general approach to EHD calculations is to take into account both polarization of molecules and ohmic
conduction in considered fluids [1]. Fluids in which only polarization effects are present are called perfect dielectric
fluids [1]. The perfect dielectric model (e.g. [17,18]) is suitable as a starting point for numerical calculations because of
its simplicity and possibilities for simple adjustments of starting numerical parameters. Other more complicated models
can be later added by expanding the present numerical approach. It could be also noted that it is questionable whether
fluids should be treated as perfect dielectrics or as perfect conductors (see e.g. [19,20]).
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The standard set-up for testing quality, stability and efficiency of the perfect dielectric model is to consider a drop of
one fluid surrounded by another fluid in presence of electric field causing a deformation of the drop, as in [17]. To address
this benchmark calculation, in the present study Computational Fluid Dynamics (CFD), implemented in the OpenFOAM®
(version 8) software, was used. This software uses the Finite Volume Method (FVM) [21] and the Volume of Fluid (VoF)
method [22], while the interface reconstruction can be carried out by, for example, the Interface Compression (IC) scheme
(e.g. [23]). This paper reports on the results obtained by expanding an already present solver in the software (termed
interFoam) for two immiscible and incompressible fluids and constant temperature, which uses the VoF method.
The paper is organized as follows: first the mathematical model comprising different expressions for the dielectric
force and other parameters is presented, after which a set of the most promising expressions is determined, including
the one-dimensional set-up and the set-up with a drop. The obtained results are appropriately discussed in order to
investigate possible improvements to EHD calculations.
2. MATHEMATICAL MODEL
Since the FVM and VoF methods were used in the starting solver, they were also used in the present model.
Implementation of the Navier-Stokes equation that is used in the starting solver (cf. [24]) was expanded by adding electric forces:

 ( U )
t

+   ( UU ) −   ( U ) =  g − p + Fs + FC + Foel

(1)

where ρ is the density, U is the velocity vector, t is the time, μ is the dynamic viscosity, g is the gravitational acceleration,
p is the pressure, Fs is the surface tension force, FC is the Coulombic force, and Foel are other electric forces.
Implementation of Fs that was already present in the starting solver was not modified (see e.g. [25]). For Foel, either an
expression for the dielectric force (Fdiel), or the sum of expressions for the electrostrictive (Fels) and the dielectric force
could be used. This corresponds to the Korteweg-Helmholtz approach [26]. For the perfect dielectric model, FC is a zero
vector, but straightforwardness of transition into other more complicated models can be seen by its inclusion. In this
investigation, Fels was neglected. The expansion was carried out in a way so that in a single time step calculation of newly
added variables is finished just before calculation of the velocity and the pressure field is started.
Equations that are used for the dielectric and the electrostrictive forces are derived in literature based on the
Maxwell stress tensor (Te) (e.g. [19]). The equation that is used for this tensor should be somewhat simplified for the
perfect dielectric model (cf. [19]; cf. [1]):

1
1    2
2
Te = −  E I +    E I
2
2   T

(2)

where  is the electric permittivity, E is the electric field strength, I is the identity tensor, and T is the temperature.
Equations for electric forces are derived in literature by applying the divergence operator to Te [1].
2. 1. Calculation of the dielectric force
Five expressions were used (separately) for defining the dielectric force.
One of the options was to use the divergence operator built in the software, that is the following equation was used
(cf. [1]):
2 
 1
Fdiel =   −  E I 
 2


(3)

It was also possible to use the equation that is derived after applying the divergence operator (cf. [1]), that is the
following equation [27,18] (cf. [25]):

1 2
Fdiel = − E 
2
A variant of the previous equation that uses cell face values was also investigated:
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( )

 1 2

(5)
Fdiel = R  − E nf  (  )f  Sf 
f
 2

where R is the reconstruction function (see below), n is the normal unit vector, S is the surface area vector, subscript f
denotes the cell face.
As another option, the expression without the electric field strength was used:
2
 1

(6)
Fdiel = R  − nf  (  )f nf  (  )f  Sf 
 2

where  is the electric potential.
The last option was to use the expression that incorporates the electric permittivity (cf. [10]):
2
 1

R −  f ( nf  (  )f ) nf  (  )f  Sf 
2


(7)
F =
diel



2

2. 2. Calculation of the electric field strength
For calculating the electric field strength, at first one of the following equations was used [27]:
E = -
or its variant that uses the cell face values:
E = R{− [nf∙(∇)f ]|Sf |}

(8)
(9)

or the expression that uses the electric permittivity (cf. [10]):

E=



R − f (nf  (  )f ) Sf





(10)

One equation that could not be directly used is the equation that can be obtained from vector identities (e.g. [28]) [1]:

∇×E = 0
(11)
However, this equation can be used indirectly, the curl of the electric field strength can be calculated for controlling
the simulation quality. If a curl of the electric field strength is noticed, in order to reduce the numerical error, it was
assumed that Helmholtz’s vector decomposition (e.g. [29]) can be used, so that:
E = −∇ϕ + ∇×EA
(12)
where EA is the artificial solenoidal component of the electric field strength. EA was calculated by using the equation:
∇2EA = −∇×E
(13)
After calculating EA, it was possible to optionally correct the electric field strength calculated by Eqs. (8)-(10) in the
following way:
E = Eunc − ∇×EA
(14)
where Eunc is the uncorrected electric field strength.
2. 3. Calculation of the electric potential
The electric potential was calculated by using one of the three following ways. The first was to use the equation
[17,18]:
∇∙(ε∇) = 0
(15)
The second option was to use the expression that incorporates a possible numerical error in the electric field
strength calculation:
∇∙(ε∇ϕ) = ∇∙(ε∇×EA)
(16)
Finally, the third approach was to use the following expression:
2∇∙(ε∇ϕ) = −∇∙(εEunc)
(17)
Eunc should be important in cases where both Eqs. (14) and (17) are used together because there is a possibility that
the former would reduce the improvement that could be obtained by the latter. Eq. (17) incorporates the electric field
strength, which should remove one term on the left-hand side and after that leave the numerical error (present in itself)
on the right hand side of the Eq. (17).
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An optional usage of a recursive loop within the same time step was enabled for cases where either E or EA would
otherwise have to be taken from the previous time step.
2. 4. Calculations of the other parameters
The electric permittivity was calculated based on the following equation that is usual for the VoF method and by
which newly added fluid properties were handled:
 = 11 + 22
(18)
where  is the volume fraction, while subscripts 1 and 2 denote fluid 1 and fluid 2, respectively.
Expressions used for handling of two different fluids that were already present in the starting solver were not
modified.
A reconstruction function is a function that reconstructs a cell center value from face values. The reconstruction
function built in the OpenFOAM® software was used (cf. [30]):
−1


S  
S 
R ( zf ) =   f S f f     f zf f 



Sf  
Sf 


(19)

where z is a variable.
In the starting solver that is already present in the OpenFOAM® software, length of time steps can be determined by
using the Courant number (Co) and the interface Courant number (iCo). It was decided to add a similar number that could
be connected to electrical forces. An equation for the electric Courant number (Coel) can already be found in literature [31],
but different equation can be derived by dimensional analysis from the Alfvén-Courant number (ACo) (cf. [32]):

B

0 

ACo =

δx
δt

(20)

where B is the magnetic flux density, μ0 is the vacuum magnetic permeability, x is an axis. It can be seen that:


B


0 
1 
m 

 = =E
0   SI s 
  SI

(21)

After substituting vacuum by a fluid or fluids, the following expression can be derived:

E
Coel =



δx
δt

(22)

An expression for the interface electric Courant number (iCoel) can also be derived from the electric Courant number
and the interface Courant number.
During simulations, time steps were determined by using: the Courant number, the interface Courant number, the
electric Courant number, and the interface electric Courant number.
3. RESULTS AND DISCUSSION
A system consisting of two fluids with identical densities and kinematic viscosities (103 kg m-3 and 10-6 m2 s-1,
respectively), and different electric permittivities (2×10-8 F m-1 and 2×10-9 F m-1 for fluids 1 and 2, respectively) was
considered in calculations. The interfacial tension between fluids was given a value equal to 0.1 N m-1. In order to
remove the effect, which was not of primary interest, the gravity acceleration was neglected. Fluids are situated
between two walls with fixed electric potentials (w1 at the wall 1, and w2 = 0 V at the wall 2).
The IC scheme was used for calculating volume fractions. Meshes were static, unless stated otherwise. The
computed results were displayed using ParaView (Kitware, USA) (and paraFoam, OpenFOAM®). The target maximum
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value was set to 0.1, unless stated otherwise for the Courant number, the interface Courant number, the electric
Courant number, and the interface electric Courant number.
The finally obtained set of expressions consisted of Eq. (1) (the Navier-Stokes equation), Eq. (5) or (6) (for the
dielectric force), Eq. (8) (for the electric field strength), Eq. (11) (for checking the curl of the electric field strength), Eq.
(15) (for the electric potential), Eq. (18) (for the electric permittivity), Eq. (19) (for the reconstruction function), and Eq.
(22) (for the electric Courant number).
3. 1. One-dimensional analysis
A simple one-dimensional set-up was used for straightforward and quick comparison of expressions for the dielectric
force. The wall 2 was located at the bottom at x = 0, the wall 1 was located at the top at x = 1 mm, while the domain
was discretized with 100 cells. A value equal to 150 V was used for w1. Fluid 1 was placed at the bottom half of the
geometry, while the fluid 2 was in the upper half. The system was simulated for 0.02 s of its proper time.
The electric field strength and the electric potential, used in the simulation, were given by Eqs. (8) and (15), respectively.

3. 1. 1. Comparison of different expressions for the dielectric force
The pressure near the interface that was obtained by using Eqs. (3)-(7) is presented in Figure 1. As can be seen, all
of the investigated expressions for the electric force in which only volume fields are used (i.e. Eqs. (3) and (4)) caused
oscillations in the calculated pressure, indicating numerical instabilities. On the other side, the expressions that use cell
face values and their reconstruction yielded stable results, with the exception of Eq. (7), which is the only one in which
the reconstruction is not the final step in the calculation because of the later division. If the result obtained by using
Eq. (3) is compared to the results obtained by using the other mentioned expressions, it can be seen that the areas with
lower and higher pressures even switched their places. Due to this finding, Eqs. (3), (4), and (7) for the dielectric force
calculations were disregarded. Also, expressions that use cell face values and their reconstruction without additional
steps can be recommended for calculation of the dielectric force.

Figure 1. Pressure near the interface (0.4 to 0.6 mm above the bottom wall) at the
end of the simulation using various expressions for the dielectric force: A: Eq. (3); B:
Eq. (4); C: Eq. (5); D: Eq. (6); E: Eq. (7). This is a qualitative analysis, boundary values
of the pressure were adjusted for every simulation independently.
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3. 1. 2. Possible improvements by using the electric Courant number
To demonstrate the influence of the electric Courant number and the interface electric Courant number on the
results, the velocity magnitude near the interface when either Eq. (4) or Eq. (6) was used is shown in Figure 2 for two
cases:
case 1 – the target maximum value for Co, iCo, Coel, and iCoel was 0.1;
case 2 – the target maximum value for Co and iCo was 0.1, while Coel and iCoel did not influence the time step length.
It could be also worth mentioning that in the second case, the whole simulation was performed in one time step
because the simulation end time (i.e. 0.02 s) was small enough so not to surpass the target maximum value for Co and iCo.
When Eq. (4) was used, the maximum velocity magnitude at the end of the simulation was equal to 0.0690 m s-1 for
the first case, while it was equal to 0.208 m s-1 for the second case. Similarly, when Eq. (6) was used, 7.37×10-11 m s-1
was obtained for the first case, while 1.52×10-3 m s-1 was obtained for the second case. The fact that the maximum
velocity magnitude was higher when Eq. (4) was used can probably be connected to the previously seen oscillations in
the pressure for which it was stated that they indicate numerical instabilities. Because it can be said that the velocity
magnitude is generally closer to 0 for the case 1, usage of Coel and iCoel for the perfect dielectric model and other models
when there is the influence of the electric field could be recommended. Manual time step reduction could also lead to
better results. However, it requires several trials, and can lead to a loss of efficiency if overdone.
Certain authors, as [25], use the electric relaxation time for limiting the time step. This approach cannot be used for
the perfect dielectric model because the electric conductivity appears in the expression. Also, the Courant number is
used for determining the time step instead of the characteristic hydrodynamic time even though it can be found (e.g. [1])
and applied to simulations in which there is no electric field, so analogously usage of the electric relaxation time instead
of the electric Courant number might not be a suitable option.

Figure 2. The velocity magnitude near the interface (0.4 mm to 0.6 mm above the bottom wall) at the end of the simulation for case
1 (with Coel and iCoel influence) and case 2 (without Coel and iCoel influence) when either (A) Eq. (4), or (B) Eq. (6) was used

3. 2. Drop analysis
As the second case study, a drop of fluid 1 submersed in the fluid 2 in an external electric field was analyzed.
For this analysis, axially symmetric geometries were assumed as illustrated in Figure 3. At the center of the symmetry
axis was a drop of fluid 1. The starting drop radius (r0) was equal to 2.5×10-5 m. On the side opposite to the symmetry
axis was the outer surface through which both fluids could exit the geometry, but only the surrounding fluid could enter,
and on which the total pressure and the gradient of the electric potential were set to be equal to zero. The distance
between the outer surface and the symmetry axis was four times greater than r0. The other two sides were walls at a
distance from each other five times greater than the starting drop diameter. Static meshes and the starting mesh for
the case in which a dynamic mesh was used consisted of prisms on the symmetry axis and hexahedra. It was decided to
use 50 cells per the starting drop diameter. When a dynamic mesh was used, the mesh was refined based on α1, while
the refinement level was set to 1 in the OpenFOAM® software.
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Figure 3. An illustration of the set-up for the drop analysis

3. 2. 1. Curl of the electric field strength
In order to analyze the precision of the numerical procedure, the curl of the electric field strength was considered
in the set-up described above using Eq. (5) for the dielectric force. Appearance of this curl signalizes numerical
inaccuracy in the calculation. These inaccuracies could be easily overseen when magnetic field effects are also included.
The simulation ended at 10-8 s, while ϕw1 was equal to 125.7 V.
Different expressions for calculating the electric field strength (i.e. Eqs. (8)-(10)) can be compared based on the value
of its curl. Eq. (15) was used for calculation of the electric potential. The curl of the electric field strength at the end of
the simulation is shown in Figure 4. The expressions that use cell face values and their reconstruction for calculation of
the electric field strength (i.e. Eqs. (9) and (10)) generated very large curl values within the geometry. These values are
especially problematic from the point of view of possible future inclusion of magnetic field effects. In contrast, Eq. (8)
produced much better results.

1

×E / V m-2
104
108

3.5×1011

Figure 4. The magnitude of the curl of the electric field strength (when the color map was set to start from 1) at the end of the
simulation with the use of Eq. (15) and A: Eq. (8); B: Eq. (9); C: Eq. (10)
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If Eq. (9) is used, the mentioned curl can somewhat be reduced by using Eqs. (12)-(14) and (16)-(17), but the reduction is too small. At the end of the simulation, the maximum magnitude of the curl of the electric field was reduced from
4.4×109 to 2.5×109 V m-2 when Eqs. (13) and (14) with either Eq. (15) or (17) were used, and to 3.3×109 V m-2 when
Eq. (17) was used. On the other hand, the results did not change when Eqs. (13) and (16) either with or without Eq. (14)
were used.
Large values of the curl of the electric field strength were also obtained when a dynamic mesh and Eqs. (8) and (15)
were used. In this case, the curl maximum magnitude at the end of the simulation was 1.3×10 12 V m-2 within the
geometry. These analyses lead to the conclusion that the applicability of dynamic meshes, or at least dynamic meshes
in the OpenFOAM® software, could be questionable in cases in which the electric field influences fluids, leading also to
questionable results if the calculated curl of the electric field strength is not presented.
If Eqs. (8) and (15) and a cell limiter for the gradient of the electric potential are used, large values of the curl of the
electric field strength can be also obtained. At the end of the simulation the maximum curl value was 1.3×10 11 V m-2 in
the interior. This result indicates that the use of limiters for the gradient of the electric potential could be unacceptable.
Also, special attention should be paid if magnetic field effects are included, in which case this problem might not be so
easily seen.
Based on these findings, use of Eqs. (8) and (15) for calculations of the electric field strength and the electric
potential, respectively, could be recommended, while the use of dynamic meshes and limiters of the gradient of the
electric potential is not recommended. Also, calculation of the curl of the electric field strength for the perfect dielectric
model and other EHD models should be included because otherwise the results could be questionable.
4. CONCLUSIONS
Based on this work several conclusions could be deduced. Inclusion of the calculation of the curl of the electric field
strength is recommended, especially if suitability of the model is considered for future inclusion of magnetic field effects.
Because of this curl, the expression that uses a value in the cell center could be recommended instead of the ones that
use values on the cell faces after analysis, while the applicability of dynamic meshes and limiters of the gradient of the
electric field strength was shown to be questionable. Different expressions for calculation of the dielectric force were
compared and those that use values on the cell faces showed better results than those that use values in the cell center
only. A new electric Courant number was included, in addition to the standard Courant number, in order to improve
calculation efficiency and quality of the results, which is expected to be useful in future calculations. It is hoped that
inclusion of this new electric Courant number will be valuable in all calculations involving electric fields. By using this
work as a basis, a deeper analysis of implementation of the perfect dielectric model and its comparison with the
analytical prediction can be performed, which will be the topic of next investigations.
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(Naučni rad)
Izvod
Model idealnog dielektrika je uključen u programski paket OpenFOAM® (OpenFOAM Foundation, UK) i
korišćen za ispitivanje i moguće poboljšavanje elektrohidrodinamičkih proračuna. Analizirana su dva
različita seta numeričkih simulacija, u kojima su bila modelovana dva različita fluida. Prvi set je bio
jednodimenzionalan dok je u drugom setu kap jednog fluida okružena drugim fluidom. U radu je
pokazano da se određeni izrazi ili strategije izračunavanja mogu odbaciti usled pojave oscilacija i
mogućeg veštačkog stvaranja rotora jačine električnog polja. Korišćenje pokretnih mreža, barem onih
prisutnih u programskom paketu OpenFOAM®, i limitera za gradijent jačine električnog polja mogu
dovesti do velikih numeričkih grešaka. Takođe je pokazano da bi korišćenje određenih vrednosti sa
površi ćelija moglo poboljšati rezultate. Izraz za električni Kuronov broj je izveden dimenzionom
analizom i mogao bi se preporučiti za buduće proračune. Očekuje se da su zaključci iz ovog rada prenosivi
na druge, komplikovanije modele.
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